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5. The Substitution Rule

Let f be integrable function.

1.

∫
(f(x))n f ′(x)dx =

(f(x))n+1

n+ 1
+ C for n �= −1

2.

∫
sin (f(x)) f ′(x)dx = − cos (f(x)) +C 3.

∫
cos (f(x)) f ′(x)dx = sin (f(x)) + C

4.

∫
sec2 (f(x)) f ′(x)dx = tan (f(x)) + C 5.

∫
csc2 (f(x)) f ′(x)dx = − cot (f(x)) + C

6.

∫
csc (f(x)) cot (f(x)) f ′(x)dx = − csc (f(x)) + C7.

∫
sec (f(x)) tan (f(x)) f ′(x)dx = sec (f(x)) + C

8.

∫
af(x) f ′(x) dx =

af(x)

ln a
+C 9.

∫
ef(x) f ′(x) dx = ef(x) + C

10.

∫
f ′(x)
f(x)

dx = ln |f(x)|+ C 11.

∫
f ′(x)√

1− [f(x)]2
dx = sin−1 (f(x)) + C

12.

∫
f ′(x)

[f(x)]2 + 1
dx = tan−1 (f(x)) + C

13.

∫
cosh (f(x)) f ′(x) dx = sinh (f(x)) +C 14.

∫
sinh (f(x)) f ′(x) dx = cosh (f(x)) +C
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Example 1. Find

∫
x3 cos (x4 + 2) dx.

Solution: Using change of variable,

let u = x4 + 2, then du = 4x3dx.

Thus x3dx =
du

4
. Hence∫

x3 cos (x4 + 2) dx =

∫
cos (x4 + 2)x3dx

=

∫
cosu

du

4

=
1

4

∫
cosu du

=
1

4
sinu+ C

=
1

4
sin (x4 + 2) + C

�

Solution: Direct integration,∫
x3 cos (x4 + 2) dx =

1

4

∫
cos (x4 + 2) 4x3dx

=
1

4

∫
cos (x4 + 2)

︸ ︷︷ ︸
cos (f(x))

4x3dx

︸ ︷︷ ︸
f ′(x)dx

=
1

4
sin (x4 + 2)︸ ︷︷ ︸

sin (f(x))

+ C

�
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Example 2. Find

∫ √
2x+ 1 dx.

Solution: Using change of variable,
let u = 2x+ 1, then du = 2dx.

Thus dx =
du

2
. Hence∫ √

2x+ 1 dx =

∫ √
u
du

2

=
1

2

∫
u1/2 du

=
1

2

u3/2

3/2
+ C

=
1

�2
�2
3

√
u3 + C

=
1

3

√
(2x+ 1)3 + C

�

Solution: Direct integration,∫ √
2x+ 1 dx =

1

2

∫ √
2x+ 12dx

=
1

2

∫
(2x+ 1)1/2

︸ ︷︷ ︸
[f(x)]n

2dx

︸︷︷︸
f ′(x)dx

=
1

�2
(2x+ 1)3/2

3/�2︸ ︷︷ ︸
[f(x)]n+1

n+1

+ C

=
1

3

√
(2x+ 1)3 + C

�
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Example 3. Find

∫
x√

1− 4x2
dx.

Solution: Using change of variable,

let u = 1− 4x2, then du = −8xdx.

Thus xdx =
−du

8
. Hence∫

x√
1− 4x2

dx =

∫
1√

1− 4x2
xdx

=

∫
1√
u

−du

8

=
−1

8

∫
u−1/2 du

=
−1

8

u1/2

1/2
+ C

=
−2

8

√
u+ C

=
−1

4

√
1− 4x2 + C

�

Solution: Direct integration,∫
x√

1− 4x2
dx =

−1

8

∫
(1 − 4x2)−1/2 −8xdx

=
−1

8

∫
(1− 4x2)−1/2

︸ ︷︷ ︸
[f(x)]n

− 8xdx

︸ ︷︷ ︸
f ′(x)dx

=
−1

8

(1 − 4x2)1/2

1/2︸ ︷︷ ︸
[f(x)]n+1

n+1

+ C

=
−2

8

√
1− 4x2 + C

=
−1

4

√
1− 4x2 + C

�
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Example 4. Find

∫
e5x dx.

Solution: Using change of variable,
let u = 5x, then du = 5dx.

Thus dx =
du

5
. Hence∫
e5x dx =

∫
eu

du

5

=
1

5

∫
eu du

=
1

5
eu + C

=
1

5
e5x + C

�

Solution: Direct integration,∫
e5x dx =

1

5

∫
e5x 5dx

=
1

5

∫
e5x

︸︷︷︸
ef(x)

5dx

︸︷︷︸
f ′(x)dx

=
1

5
e5x︸︷︷︸
ef(x)

+ C

=
1

5
e5x + C

�
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Example 5. Calculate

∫
tanx dx.

Solution: Note that

∫
tan xdx =

∫
sinx

cos x
dx.

Using change of variable,
let u = cos x, then du = − sinxdx.
Thus sinxdx = −du. Hence∫

tan x dx =

∫
sinx

cos x
dx

=

∫
1

cos x
sinxdx

=

∫
1

u
(−du)

= −
∫

1

u
du

= − ln |u|+ C

= ln |u|−1 + C

= ln | 1

cos x
|+ C

= ln | secx|+ C

�

Solution: Direct integration,∫
tan x dx =

∫
sinx

cos x
dx

= −1

∫ −1 sinx

cos x
dx

= −
∫

f ′(x)︷ ︸︸ ︷
− sinx

cos x︸ ︷︷ ︸
f(x)

dx

= −ln (| cos x|)︸ ︷︷ ︸
ln |f(x)|

+ C

= ln | cos x|−1 + C

= ln | 1

cos x
|+ C

= ln | secx|+ C

�
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Example 6. Calculate

∫
cotx dx.

Solution:

Note that

∫
cotx dx =

∫
cosx

sinx
dx.

Using change of variable,
let u = sinx, then du = cosxdx.
Thus cosxdx = du. Hence∫

cotx dx =

∫
cosx

sinx
dx

=

∫
1

sinx
cosxdx

=

∫
1

u
du

= ln |u|+ C

= ln | sinx|+ C

�

Solution: Direct integration,∫
cotx dx =

∫
cosx

sinx
dx

=

∫
f ′(x)︷ ︸︸ ︷
cosx

sinx

︸ ︷︷ ︸
f(x)

dx

= ln (| sinx|)︸ ︷︷ ︸
ln |f(x)|

+ C

= ln | sinx|+ C

�
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Example 7. Find

4∫
0

√
2x+ 1 dx.

Solution:
Using change of variable,
let u = 2x+ 1, then du = 2dx.

Thus dx =
du

2
.

when x = 0 ⇒ u = 2(0) + 1 = 1 and
x = 4 ⇒ u = 2(4) + 1 = 9. Hence

4∫
0

√
2x+ 1 dx =

9∫
1

√
u
du

2

=
1

2

9∫
1

u1/2 du

=
1

�2
�2
3

√
u3

∣∣∣∣∣
9

1

=
1

3

√
u3

∣∣∣∣
9

1

=
26

3

�

Solution: Direct integration,

4∫
0

√
2x+ 1 dx =

1

2

4∫
0

√
2x+ 12dx

=
1

2

4∫
0

(2x+ 1)1/2︸ ︷︷ ︸
[f(x)]n

2dx︸︷︷︸
f ′(x)dx

=
1

�2
(2x+ 1)3/2

3/�2︸ ︷︷ ︸
[f(x)]n+1

n+1

∣∣∣∣∣∣∣∣∣∣∣∣

4

0

=
1

3

√
(2x+ 1)3

∣∣∣∣
4

0

=
26

3

�
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Example 8. Evaluate

2∫
1

dx

(3 − 5x)2
.

Solution:

Note

2∫
1

dx

(3− 5x)2
=

2∫
1

(3 − 5x)−2 dx.

Using change of variable,

let u = 3− 5x, then du = −5dx ⇒ dx =
−du

5
.

when x = 1 ⇒ u = 3− 5(1) = −2 and
x = 2 ⇒ u = 3− 5(2) = −7. Hence

2∫
1

(3 − 5x)−2 dx =

−7∫
−2

u−2 −du

5

=
−1

5

−7∫
−2

u−2 du

= −−1

5

−2∫
−7

u−2 du

1

5
(−u−1)

∣∣∣∣
−2

−7

=
−1

5u

∣∣∣∣
−2

−7

=
1

14

�

Solution: Direct integration,

2∫
1

dx

(3− 5x)2
=

−1

5

2∫
1

(3 − 5x)−2 −5dx

=
−1

5

2∫
1

(3 − 5x)−2

︸ ︷︷ ︸
[f(x)]n

− 5dx︸ ︷︷ ︸
f ′(x)dx

=
−1

5

(3− 5x)−1

−1︸ ︷︷ ︸
[f(x)]n+1

n+1

∣∣∣∣∣∣∣∣∣∣∣

2

1

=
1

5(3 − 5x)

∣∣∣∣
2

1

=
1

14

�
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Example 9. Find

e∫
1

lnx

x
dx.

Solution:

Note

e∫
1

lnx

x
dx =

e∫
1

lnx
1

x
dx.

Using change of variable,

let u = lnx, then du =
1

x
dx.

when x = 1 ⇒ u = ln 1 = 0 and
x = e ⇒ u = ln e = 1. Hence

e∫
1

lnx
1

x
dx =

1∫
0

u du

=
1

2
u2

∣∣∣∣
1

0

=
1

2
[12 − 02]

=
1

2

�

Solution: Direct integration,

e∫
1

lnx

x
dx =

e∫
1

lnx
1

x
dx

=

e∫
1

lnx︸︷︷︸
[f(x)]n

1

x
dx︸ ︷︷︸

f ′(x)dx

=
(lnx)2

2︸ ︷︷ ︸
[f(x)]n+1

n+1

∣∣∣∣∣∣∣∣∣∣∣

e

1

=
(ln e)2

2
− (ln 1)2

2

=
1

2

�
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Example 10. Find

∫
x
√
1 + x dx.

Solution: Note that (1 + x)′ = 1, and hence direct integration does not work.

Let u =
√
1 + x ⇔ u2 = 1 + x ⇔ u2 − 1 = x. Hence 2udu = dx.∫

x
√
1 + x dx =

∫
(u2 − 1)u 2udu

=

∫
[2u4 − 2u2] du

=
2

5
u5 − 2

3
u3 + C

=
2

5
(
√
x+ 1)5 − 2

3
(
√
x+ 1)3 + C

=
2

5

√
(x+ 1)5 − 2

3

√
(x + 1)3 + C

�
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Example 11. Find

∫
x5

√
1 + x2 dx.

Solution: Note that (1 + x2)′ = 2x, and hence direct integration does not work.

Let u =
√
1 + x2 ⇔ u2 = 1 + x2 ⇔ u2 − 1 = x2. Hence 2udu = 2xdx. Thus xdx = udu.∫

x5
√
1 + x2 dx =

∫
x4

√
1 + x2 xdx

=

∫
(u2 − 1)2u udu

=

∫
[u4 − 2u2 + 1]u2 du

=

∫
[u6 − 2u4 + u2] du

=
1

7
u7 − 2

5
u5 +

1

3
u3 + C

=
1

7

√
(x2 + 1)7 − 2

5

√
(x2 + 1)5 +

1

3

√
(x2 + 1)3 + C

�
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Example 12. Find

∫
x2

√
1 + x

dx.

Solution: Note that (1 + x)′ = 1, and hence direct integration does not work.

Let u =
√
1 + x ⇔ u2 = 1 + x ⇔ u2 − 1 = x. Hence 2udu = dx.∫

x2

√
1 + x

dx =

∫
(u2 − 1)2

�u
2�udu

=

∫
2[u4 − 2u2 + 1] du

= 2[
1

5
u5 − 2

3
u3 + u] + C

=
2

5

√
(x+ 1)5 − 4

3

√
(x + 1)3 + 2

√
x+ 1 + C

�
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Now a few words about the role of symmetry in integra-
tion of functions. Suppose that f is a continuous function
defined on some interval of the form [−a, a], some closed
interval that is symmetric about the origin.

i) If f is an even [i.e. f(−x) = f(x)] on [−a, a], then∫ a

−a

f(x) dx = 2

∫ a

0

f(x) dx.

ii) If f is an odd [i.e. f(−x) = −f(x)] on [−a, a], then∫ a

−a

f(x) dx = 0.

y

x

y = f(x)

a−a

y

x

y = f(x)

a−a
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Example 13. Find

2∫
−2

sinx

x4 + x2 + 1
dx.

Solution:

Let f(x) =
sinx

x4 + x2 + 1
, then f(−x) =

sin (−x)

(−x)4 + (−x)2 + 1
= − sinx

x4 + x2 + 1
= −f(x).

Hence f is odd function.

2∫
−2

sinx

x4 + x2 + 1
dx = 0. �

Example 14. Find

3∫
−3

(x2 + 1) dx.

Solution: Let f(x) = x2 + 1, then f(−x) = (−x)2 + 1 = x2 + 1 = f(x). Hence f is even

function.

3∫
−3

(x2 + 1) dx = 2

3∫
0

(x2 + 1) dx = 2

(
x3

3
+ x

)∣∣∣∣
3

0

= 2

[
33

3
+ 3

]
= 24. �
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Example 15. If f is an even function and

4∫
−4

f(x) dx = 16. Find

4∫
0

f(x)

4
dx = 16.

Solution: Note that, since f(x) is even, then 16 =

4∫
−4

f(x) dx = 2

4∫
0

f(x) dx. Hence

4∫
0

f(x) dx =
16

2
= 8.

4∫
0

f(x)

4
dx =

1

4

4∫
0

f(x) dx =
1

4
8 = 2. �
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